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Stokes flow past a slender body of revolution

By JAMES GEER
School of Advanced Technology, State University of New York, Binghamton

(Received 10 December 1975 and in revised form 24 May 1976)

The complete uniform asymptotic expansion of the velocity and pressure fields
for Stokes flow past a slender body of revolution is obtained with respect to the
slenderness ratio ¢ of the body. A completely general incident Stokes flow is
assumed and hence these results extend the special cases treated by Tillett
(1970) and Cox (1970). The part of the low due to the presence of the body is
represented as a superposition of the flows produced by three types of singularity
distributed with unknown densities along a portion of the axis of the body and
lying entirely inside the body. The no-slip boundary condition on the body then
leads to a system of three coupled, linear, integral equations for the densities of
the singularities. The complete expansion for these densities is then found as a
series in powers of € and elog €. It is found that the extent of these distributions of
singularities inside the body is the same for all the singular flows and depends
only upon the geometry of the body. The total force, drag and torque experienced
by the body are computed.

1. Introduction

We wish to discuss the slow steady motion of a viscous incompressible fluid
with negligible inertial forces, i.e. Stokes flow, past a slender body of revolution.
We shall assume that the body is immersed in a prescribed flow field which must
satisfy the appropriate equations for Stokes flow but which is otherwise com-
pletely arbitrary. The slenderness ratio e of the body, which is defined as the ratio
of half the maximum diameter of the body to its length, will be assumed to be
small. We shall obtain the complete uniform asymptotic expansion for the
resulting flow field with respect to the parameter € as it approaches zero. Here we
are concerned only with the Stokes solution to our problem, and not the far-field
(Oseen) solution.

The problem of determining Stokes flow past a slender body of revolution has
been studied recently by several researchers. For example, Cox (1970, 1971) and
Keller & Rubinow (1976) have presented general theories for the creeping motion
of long slender bodies in a viscous fluid. They both use the method of determining
inner and outer expansions and then matching the results. Batchelor (1970) has
presented results for a slender body of arbitrary (not necessarily circular) cross-
section in Stokes flow. Again his method is essentially that of analysing ‘inner’
and ‘outer’ flow fields. We shall not use inner and outer expansions here ; instead

we obtain a uniform expansion for the solution.
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B78 J. Geer

In §2, the basic equations and boundary conditions for Stokes flow are stated
and the general problem to be solved is formulated. In §3, we first show how the
general problem with arbitrary flow incident upon the body can be analysed by
considering just the individual Fourier components of the incident and perturbed
flow fields. Then we represent that part of the total flow due to the presence of the
body as a superposition of the flows due to point singularities. The no-slip
boundary condition then allows us to write down a system of three coupled,
linear, integral equations, from which we shall be able to determine the unknown
densities of the singularities, as well as the extent of their distributions. Thisidea
was used by Tillett (1970), who obtained the leading terms in a uniform expansion
for the special case of a uniform incident flow. We shall see that all of the integrals
which appear in these equations are of the type already analysed by Geer (1975)
and Handelsman & Keller (1967a, b).

In §§4 and 5, we determine the distribution of the singularities inside the body.
In §4, we determine their extent by applying the criterion given by Geer (1975).
In particular, we show that the extent is the same for each type of singularity we
consider and is the same as that obtained in the corresponding potential-flow
problem (Geer 1975). In §5, we use the expansions (given in appendix B) of the
integral operators appearing in the equations to determine the asymptotic ex-
pansions for the densities of the distributions of singularities. These expansions
involve integral powers of both ¢ and log e.

In §6, we use the results of the previous sections to determine the complete
velocity and pressure fields for the examples of a uniform flow and a purely
shearing flow incident upon the body. In the final section, we derive formulae for
the total force and torque experienced by the body when it is immersed in an
arbitrary incident flow field.

2. Formulation of the problem

We introduce cylindrical co-ordinates (7, 4, 2) in the usual way, with the z axis
coinciding with the axis of the body. Let the equation of the surface of the body be
described by r = (22 + %)} = €[S(2)]}, for 0 < z < 1. Here 8(2) is a prescribed
function which satisfies max S(z) = 1 for 0 < z < 1. We shall assume that S(z) is
regular on the interval 0 < z < 1 with §(0) = 0 = S(1) and that it can be expanded
in a Taylor series about the end points as follows:

S@ = £ om0 =0, 2.1)
8(z) = éldn(l—z)", dn=(—ﬂ)ln‘!gm—)(1-). (2.2)

We shall assume that ¢, & 0 =+ d,, i.e. that the radius of curvature at each end of

the body is non-zero.
Now let p and v = (v,, vy, v,) be the non-dimensionalized pressure and velocity
of our fluid. Here v,, v; and v, are the components of the velocity field in the 7, 8
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and z directions, respectively. Then the equation of motion (in the absence of
body forces) for Stokes flow and the continuity equation can be written as

Vp =Viy, V.v=0. (2.3)
The no-slip boundary condition on the body and the condition at infinity can be
written as v=0 on r=¢8S(k)] for 021, (2.4)
and v—>v?, p—>p° as 242200, (2.5)

In (2.4) and (2.5), v® and p° are prescribed functions. Thus our task is to find an
asymptotic expansion of the solution to (2.3)-(2.5) as ¢—> 0.

3. Derivation of the integral equations

Now let a flow field which satisfies (2.3) and which is described by a pressure p°
and a velocity v? be incident upon the body. We shall assume that p? and v° are
regular in a neighbourhood of the body. We now seek functions p? and v?, which
we may think of as the disturbance or perturbation pressure and velocity due to
the presence of the body, that are solutions to (2.3) outside the body and that
satisfy the conditions

vo=—v® on r=¢[SE)}E for 0<2<1, (3.1)
and b, vP—>0 as r?+z2->o0. (3.2)

Then p = p°+ p? and v = v®+ v® will satisfy the problem formulated in §2.

In order to find a suitable representation for p® and v, we first look carefully
at the general form of p® and v°. From (2.3) it follows that V%p° = 0 in a neigh-
bourhood of the body. Thus it follows that, for zin a neighbourhood of 0 < z < 1
and for small 7, p° has an expansion

Po(r,0,2) = Ay(r%,2) + 3 {rd,(+2,2) cosnd + B, (12, 2) sinn6}. (3.3)
n=1
In (3.3), each 4, and B, is a prescribed function, regular in 72 and z for (at least)
z in a neighbourhood of 0 < z < 1 and small values of . By linearity and super-
position, we need to consider only the case when p° has the form of one of the
terms in (3.3), i.e. when

PO, 0,2) = 1A, (r%,2) e (n > 0). (3.4)

When p° is given by (3.4) (where 4,(r% 2) is a prescribed regular function of 2
and z), the corresponding expressions for v° can easily be found to be

(07,03, 9) = —r™ 1e™O(B, (1%,2),iC (1%, 2), 7D, (12, 2)). (3.5)
Here B,, C, and D,, are prescribed functions of 2 and z. B, and C, are O(r2?) as
r—0. In what follows, only the case n» > 1 will be treated in detail. The results
for n = 0, which are similar to the results of Tillett (1970), will be given in

appendix A.
Now, in order to find the functions p® and v® corresponding to the expressions
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in (3.4) and (3.5), we seek to represent p® and v® as the superposition of flows due
to ‘appropriate’ point singularities distributed along a portion of the axis of the
body and lying inside the body. To find these ‘appropriate’ (in general, higher
order) singularities, we look for solutions to (2.3) which are proportional to et
and also proportional to (22+r%)~*, where £ > 0. By a straightforward, though
tedious, calculation we find three ‘singular’ solutions to (2.3); they have the
general form v = R-2mm-1einé(B 0 D) and p® = R-2v-1neinf] = where
4,, B,, €, and D,, take the three sets of values

2 n-2 2—-n
d,-2 B, = R(Rz ) =R, D,=Rr, (36)

2n—1
4,=0, B,=R32, C(,=—~R32 D,=R"%, (3.7)
4,=0, B,=R'%, C,=R' D,=-—R"Yw (3.8)

In (3.6)—(3.8), R = (r2+22)%. Of course, these solutions are only valid for B + 0.

We now represent v as the superposition of the flows described by (3.6)—(3.8),
distributed with unknown densities along a portion of the z axis lying inside the
body. Thus, for example, we set (for n > 1)

(B[ ™t (2—m) L
1’2(7', 0, 2, 6) = e"wfa [(R2n+l + ((271/ 1)) Ran- 1} (g 6)

yntl yn— 1( g

R2n+35(§ &)+ —ponit (€, 6)]d£ '(3.9)

with analogous formulae holding for v, and v,. In (3.9), R is now given by
R = {(z—£)2+r2}, while p, b and d are the unknown densities of the singular
flows. « and f, which actually depend upon e and determine jthe extent of the
distributions, are unknown and must be found in addition to the unknown
densities. They must satisfy the inequalities 0 < & < £ < 1. The pressure p°
corresponding to (3.9) is given by

P(r, 6, 2,€) = emof R2n+1p(g ¢) dL. (3.10)

The expressions for v? and p® given by (3.9) and (3.10) satisfy (2.3) outside the
body and vanish at infinity. In order to determine the unknown quantities in
(3.9) we use the boundary condition (3.1). When (3.9) and the analogous formulae
for v§ and 7% are used with (3.5), (3.1) becomes

B,@56).2) = [t + g ) P69
;

Rfr%l?(g o)+ Rn+ﬁ(§ 6)]d§, (3.11)
—£

A —
Cole8(2), 2) = f [(%%U%mﬁ(g -2

D,(8(2),) = f[Z;if’(g,e)+;-é;—4§5(§,€)—§:—gd(§,€)]d§, (3.13)

) bk, )+ 222 dit ) ]dg, (3.12)
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with analogous equations holding for n = 0. Here R = €28(2) + (z — £)2. Equations
(3.11)—(3.13) are a set of coupled linear integral equations, from which we shall
determine 7, b and d, as well as o and 5.

4. Determination of « and g

We now wish to determine the uniform asymptotic expansion, as ¢ approaches
zero, of the solution to (3.11)—(3.13). We shall show in the next section how this
can be done by using the method of Handelsman & Keller (1967 a)and Geer (1975).

The first step in solving (3.11)—(3.13) asymptotically is to expand both sides of
each equation asymptotically as ¢ approaches zero, without taking into account
the dependence of , b and d upon €. The left side of each of these equations can
easily be expanded in a Taylor series in 2. Geer (1975) has shown how each of the
integrals appearing in the right sides of (3.11) — (3.13), i.e. integrals of the form

, Aee) (z—£)
Ltz €) = f o (@D T8z

))k+,.,f(§, €) dg, (4.1)

wherej = 0,1and k = 0, 1, 2, ..., can be expanded uniformly in a series involving
powers of ¢ and powers of € multiplied by loge. In particular, it was shown that
the requirement for a uniform expansion of these integrals leads to a choice of
a(e) and B(e) which is independent of k. Hence a(e) and f(e) have asymptotic
expansions as ¢ approaches zero given by (see Handelsman & Keller 1967 a)

a(€) ~ ¢y (}€)* — ¢, ¢p (§€)* + 01 (¢, 03+ 203) (3€)° + O(€5) (4.2)
and Ble) ~ 1—d; (3€)? +d; d; (Je)* ~dy (d1 d5 + 2d8) (J€)® + O(e®). (4.3)

The constants ¢; and d; which appear in (4.2) and (4.3) are defined in (2.1) and
(2.2). Hence, the extent of all of our distributions of singularities is now deter-
mined.

Before we actually determine the asymptotic expansions of our singularity
densities in the next section, it is convenient to rewrite our system so that the
kernels are less singular as ¢ 0. That is, by forming certain linear combinations
of (3.11)-(3.13), we can make the exponent of (z— §)%+ ¢28(z) smaller by one in
all of the kernels in (3.11)—(3.13). In particular, multiplying (3.11) by €28’(2),
where the prime represents differentiation, and (3.13) by 2¢28(z) and adding, we
obtain

€28’(z) B(€28(z), z) + 2¢28(z) D(€25(z), 2)

A —2628()d 1 + 2—mn €25'(2)
2n—1 dzR*t 2n—1 R*%

|76

ale)

2:28(2) d b(£,e) 2 [201—m) d z—&
T Zntidz B T 2n—1 [ Rt dz Rn_i] d(g, e)=d§. (4.4)

1



582 J. Geer
Multiplying (3.11) by 2 and (3.13) by €25’(2) and subtracting, we obtain

n d z—-§

Ble) 2
€28’ (z) D(€®S(z), 2) — 2B(e28(z), 2) = fa(e) {1 —on [R"—%-*-d_zR"—i] P, €)

2 2n d z-§ 2 d
Ton+1 [Rn+§ dzR"Hr] b(g,e) + ton_id Rn_*(i(g e)}dg (4.5)

Finally, subtracting (3.11) from (3.12) and multiplying the resulting equation by
S(z))1 {62(3 '(2))2 +48(z)}, we obtain

{638 (2))* + 48(2)} {0 (€28(2),2) — B(e28(2), 2)}/8(2)
Ao 8n—8 4dz—¢§ , . d
fa(e { [R"'% dz Rn é]-2€28( )d Rn—%] D(E,€)

1 8dz—§
— [ se28'(2) L - RM ~16npmm —— ;M%] (g,e)}dg. (4.6)

We shall now use (4.4)-(4.6) to solve for 5, b, and d.

5. Asymptotic solution of the integral equations

We can now easily find the asymptotic expansion as ¢-> 0 of the solution to
(4.4)-(4.6). Following the method of solution outlined at the beginning of §4, we
employ the expansions of I}(z, €) given by

[ -
Hee) = [ e €~ O (Be) ~ A

~ {8k, 0 8:; 1+(1- 8k, 0 87', 1) €2j_2k} Z ezr(LZ-c’j +log 62G{-c’j)f(z) (5.1)
r=0

forj=0,1, k=0,1,2, ... Here L7 and G¥7 are certain linear operators
which are defined in appendix B in terms of the operators L%»? and G%7 (j = 0, 1;
0) given by Handelsman & Keller (1967a, b).
We begin by defining new unknowns p, b and d by

Plz,€) = (z a(e)™ (Ble )—2)"‘110(2, €),
b(z,€) = (z—al(e))* (B(€) —2)"b(z,¢€), (5.2)
d(z,€) = (z—a(e))" 1 (Ble) —2)™ 1d(z,¢).

The factors of the form (z— a(€))* (8(¢) — 2)* have been included in (5.2) because
of the second requirement for the uniform expansion of the integrals I} given by
Geer (1975). In particular, it was shown that, in addition to the requirement on

¢) and f(e) used in §4, it is both necessary and sufficient to require that fin
(4.1) vanishes to degree k at the end points of integration. That is, we must require
that f(z,€) = (z—a)* (B —2)¥f(2,€), where fis finite at « and f. Examination of
(4.4)—(4.6) reveals that the value of k associated with $ and d is % — 1, while that
associated with b is n.

Since we have already determined « and £ we see from (5.2) that , b and d will
be determined once the expansions for p, b and d have been found. However, as we

n—.
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shall see below, the form of the asymptotic expansion of these functions depends
on whether » = 1 or n > 1, and so we consider these two cases separately.
Forn = 1, theresults.(B 3) and (B 6) of appendix B show that the leading terms
in the expansion of the integral operators on the right side of (4.4)-(4.6) are
logarithmic in €2 fe.g. 2 log €2p(z,€) — 2 loge?d[d(z,€)]/dz on the right side of
(4.5)]. This fact, coupled with the form of the expansions (5.1) and the fact that
the left sides of (4.4)—(4.6) can be expanded in Taylor series in €2 about ¢ = 0,
suggests that we look for asymptotic expansions for p, b and d of the form
w o €2j
( ) ;§0 k}il (IOg 62)
2

T Py, k(%) (5.3a)

b(z) )~€2320 kzl (10g€2)k J k(z) (5-3b)
d(z,e)~et 3 3 i ——d, (2). (5.3¢)

i=0k—~1(loge?)

To determine the coefficients p; ;, b; ; and d; , in (5.3), we first expand each
side of (4.4)—(4.6) with n = 1, using either Taylor’s theorem or (5.1), and then
insert the expansions (5.3) and collect coefficients of terms of the form e?/(log e2)—*,
In this way, we are led, after some manipulation, to the following system of
equations:

i-1

d
Pj1= %gj" ; [ GO ZrDr1 2G}_’_°,.b,. GJ +Pr1

d .
LA L+ 8], G20 6

42(1-2) 1) =3) 4, 45(1-2)
e o e T

i=1 d
+ ?—:0 {L?-’—Orpr, k + G?’ ‘-err, k+1 (7' (L?’ »11'pr, k + G?'—lrpr, k+1)
1,0 1,0 1d
+4L35b,,  +3G50 by a — 3%z (L3 -r by o+ GF 2y k1)
— 8%+ 630, G20, k31, (5.5)

3 8() 3 8(z) -t
bir =~ 42(1— z)p’k+ﬁz(1-— ),. )

{ —(L? Pkt G.?’—lrpr, k+1)
— 8L} by 1+ G5 by 110) — ' (2) 7 (L?’ NPk GPAr Dy 1r1)
+§Sl(z) (Ll LY NS L ) L Y N |

+__(LJ 1"’" r, k+G.‘]):,—11-Tbr,k+1)}) j 2 0’ k = 1: (5.6)
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j
> {S'(z) (L‘}ﬁ’rpr,k+G?i9rPr, 1) — 2S(z) (L grpr k+G ~rPr k+1)

—38(2) _(L ror, x+G7%b r, k+1)}

14- .
+ 2 ; (L9 d,  + 6P d, 1), 720, k> 1 (5.7

In (5.4), g, is defined by
—2B(0,2z) if j=0,

9 () = i“}j‘—ﬁ)l’[ ( )B( 2,2)+] ‘Z,(‘z))( )HD(oc,z)L=0 if > 1.] (5.8)

From (5.4)—(5.8) all of the coefficients p; ,, b; ; and d; ; can be determined recur-
sively. In particular, using (5.4)—(5.8) we find, forj = 0,

Po,1(2) = —B(0,2), (5.9a)
Prnl®) = (log g 1) o)+ [ 22Tl g 0
bou0) = ~ 371 s P (5.90)
do,u(2) = 15@) 24 12) — 13'@)Po 1(2), (5.94)

fork>1

It is interesting to note that ('(r2, z), which determines the & component of the
incident velocity field, does not appear in (5.4)-(5.8). Only B(r2,z2) and D(r?, 2)
appear in (5.4) via the functions g,. However, from the continuity equation, we
see that C' can be expressed explicitly in terms of B and D and hence all the
essential information about the incident flow is contained in D and B.

For » > 2, the expressions (B 13) and (B 15) of appendix B indicate that the
leading terms in the expansion of the right sides of (4.4)-(4.6) are now alge-
braically singular in €2 (e.g. the leading term involving b(z, €) on the right side of
(4.5) is O(e~2"b(z, €)). Hence the form of the expansions (5.1) now suggest that we
seek asymptotic expansions of p, b and d of the form

P(z,€) ~ 212 ‘E 2]‘, € (log 2)* p; 1(2), (5.10a)
j=0k=0
b(z,€) ~ e § ‘J“, €% (log €2k b; ,(2), (5.100)
j=0k=0
@ ]
d(z,€)~e 3, 3 ePi(loge?)rd; (). (5.10¢)
i=0%=0

In a manner completely analogous to that described above, we substitute
(5.10) into (4.4)-(4.6), perform the necessary expansions and collect coefficients
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of like terms to obtain the following set of relations:

4(n— l)z(l )

24,1(2) = nly 1, &)+ ——= 21 8@) A, 1(2), (5.11)
byate) = = Byue) -5 LT L, (5.12)

2n—1 (2n—=3)! o . ( S() \*?
U = iy P () (el

i [28(z) d ,,
[2n( )ldz(L lo.prk+G:f~r Py, e~ 1)

r=k—1

28(z) d

o 7 LS 6330,

) (L} 0+ G700y 1) + o

J=1 [4n—4 _ N
[ (L0, G0, )

+
r=§—1 2n

2 i Ln lldr k+G rk-l)]} (5'13)

T %—1dz

for j > 0 and 0 < k <j. The T, ;, and A, , appearing in (5.11) and (5.12) are
defined by

1—2n (2n—-3)! S r—1
Iy (z) = — n ((( nn_ 2))!)2 23-2n (z(l(i)z)) {8k’og,-(z)

i-1 2n 4n
+ %: [2n 1 (Ln:rl opr k+ G r .pr k-l) 57 2% 7 -+ 1 (L br k+ G —r br, k~1)
r=lk—
2 Ln—l 1 G
2n 1 dz( —l—rpr k+ j— 1—r.pr k—l)

2 d 2
—2n+ 1E(L}L—ﬁ-rbnk"'G;LLII—rbr,k—]) o — ldz (L;L 11—0 d k+G j—1— rdr,k- -1)]},
(5.14)

_2n41 @n—1)! ( 8() \"
34sl8) = Gt () (1 ) (oo

it f8n—-8 ., 16n
+ 3 | RO, Gy ) + g (LS, + G20,

ref-127—1
4 d 28'(z -
—2n—1¢—i_£(L _ll.pr k+Gm ’—lr.pr.k—l) n (l)dz(Ln lgpr.k"'a ~1— rpr k-1)
48'() d 8 d

(L —1—r r k + G:?Lll—r br, k—1)]}
(5.15)

(Ln_o_r br k+G1 1—r r, k——l)

T ont1dz 2n+1dz
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In (5.13)-(5.15), we define byt =ds s =p,; =0ifs <t s<0ort<0. Also,
fi@) = —= (S(z)) [(%)j(S'(z)B(x, z) + 28(z) D(x, z))L=0 for j>o0, (5.16)
h_1(2) =0; hky(z) = 48(z) [%_ (C(z,z) — B(x, z))] , (5.17a,b)

=0
j+1
me =+ G0 | (5) cwn - Ba ]

+(8'(2 ))2(8( )) 1[( ) (C(z, z) — B(z, z))] i for j>1, (5.17¢)

while g,(z) is defined by (5.8).

From (5.11)-(5.17), all of the coefficients p; ;, b; ; and d; i can be determined
recursively. In particular, setting j = k = 0 in (5.11)~(5.15) and using (5.16),
(5.17) and (5.8), we find

x=0

Po.o(z) = (2n—1) [((2” ?3]2 g3—2n (z(f(j)z))"_lB(o, 2, (5.18a)
1—4n®\ 2n-3)! . ( 8(z) \*
bo, o(2) = ( - )[(n—2) !]221 2 (2(1_2)) B(0,2), (5.18b)

1—2n (2n—3)! 91 _2n( S(z)

n—1
doo) = 7T w2 (crs) (= 5@ Blo,2)

+(”+ )S(z)B (0, 2)+28(z) D(0, z)} (5.18¢)

Equations (5.18) yield the leading terms in the asymptotic expansions of p, b
and d in terms of the incident flow field.

6. Examples: uniform flow and shear flow
We now apply our results to the case of a uniform incident flow. Thus we set
v® = U cos 6i, — Usin i, + Wi,. (6.1)
(Here i,, i, and i, are unit vectors in the directions of increasing r, 6 and z res-
pectively.) Using the notation of (3.5), we can set
B,(r%,z) = Cy(r%,2) = — U, D,(r?,z2) =0, }

By(r2,2) = Cy(r?,2) = 0, Dy(r2,z) = —W. (62)

We can then use (3.6)—~(3.8) and (A 1)—(A 3) to represent v® by formulae analogous
to (3.9). In this way, we obtain the following representation for the velocity field
v = v?+v? and the pressure field p:

v, = Wf: {r(zR—a g)ﬁ(g, €) +é;§5(§,e): d&+ U cos 6{1 +fﬂ [(;%-*-T;)p(g, €)

+ -0 - 0+ Ellag o) ag, w9

v, = —Usin0{1 + f:[jfp(g,e)—— (z};f)d(g,e)]dg}, (6.4)
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o= Waw [P g+ E 85 o) a

_R3

+Ucos€f{ g) p(€,e)+ rz—§ (gl;a)(’B—g)b(g,e)—l—%d(g,e)}dg, (6.5)

and p= f e+ U coso i n(E o) de. (6.6)
In (6.3)—(6.6), we have set R = (r2+ (z— £)2)}, while #, 8, p, b and d represent the
densities of the various singular flows. The leading terms in the asymptotic
expansions of & = a(¢) and § = f(e) are given by (4.2) and (4.3).

To determine the leading terms in the asymptotic expansions of # and &, we
use the results stated in appendix A. Thus we find, after some simplification,

Bz, €)~ (10g €)™ Po, 1(2) + € El(log €)7*P, 1(2) + Ole*(log €’)™Y),  (6.7a)

Blz,c)~ e 3, (loget)*By, 4(2) +O(et(loge?) ), (6.78)
k=1
where f, ;, Py ; and b, ; are given by
Do1 =%, Do2 = ${log(42(1-2)/8(z)) -1}, (6.8a)
o 42(1 ~2z . 1"’(&)—",(2
Do, k1= {log"(T(z‘)—)— I}Po,lﬁ'fo %Tfr—k-—)dg for k> 2, (6.8b)
P11 = 38'(2), (6.8¢)

Pun®) = {log Zg == t) gt ([ [* st o= prateotao

42{ iz) Do, x(2)~8'(0) By, k(o)} (1 z){ 5@ 5 ~ B, () + (1) B, k(1)}

(22);z{f’5 k(2 )[log zfg(z—)z)*”:’]}“§@(S(z)ﬁ6,k(2))

SOL {p W) [loggfq—lﬁ—z) * 4]}

([ i

T2 (fo _z—f_z) {8(2+v) Py, (2 + v) = 8(2) By, 1(2) — (8(2) Po,1(2))' ®

—3(8@) Py, (2))" v*}v~3dv for k> 1, (6.8d)

-~

by, --——(;S(z)p0 «2)) for k=12, (6.9)

In obtaining (6.8), we have used (6.2) to compute u, = 2W and u, = 0.
When (6.8) and (6.9) are used in (6.7), they yield the asymptotic expansion of
@ and b up to terms which are O(et(log €2)™1).
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To determine the leading terms in the asymptotic expansions of p, b, and d, we
use (5.3)—(5.8). In this way, we find, after some simplification,

Pe.6)~ 3 (1oge?)*po, () +¢* 5 (loge?)*py u(2) + Olet(loge®) ™), (6.10a)

b(z, €) ~€? kgl (log €2)~¥ by,4(2) +O(e* (log €2)1), (6.10)

d(z,€) ~ e § (log €)% dy,4(2) + O(e?(log €2)-1), (6.10 ¢)

where  poq=1, poa(2) = log(42(1—2)/S(z)) +1, (6.11a)
Do, k41(2) = {log%+ l}p.,, w(2)+ . Mlgg:——zz”l"'k—@dg, k> 2, (6.11b)
P1,1(2) = —187(2), (6.11¢)

<S'<z» , 86) | .8'()(1-22)
+1po,k{ 6572 8(1 | +3 09
4
-y 2
S(z) (1—22)

+1p0,% {3 (=7 48 '(z)} —125,:8(2) {Iog 4zfgl(;) 2 5}

3d? Do, 1(E) — Do, (2)
+im(se | Rl e

-Zlse [ 2 k(ﬂ :zzai,,k<z> )

+ (jl—z—ji ){_G’(z+v) —G(z) -G (z)v}v2dv
[S(z)
z

+—

=22 pr0) - 500,00

[ ns@+S WPt k> 1 @11)

4(1-2)[1
38(2) 38(z)
bo,1(z) = (-2’ by, (2) = “ (-7

do,1(2) = —18'(2), do,k(z) =28 (Z)Pé,k(z)—is'(z)ﬂ’o,k(z) for k> 2. (6.13)

In obtaining (6.11) we have used (6.2) to compute go = 2U and ¢, = 0. Also, in
(6.11) we define G(z) = 15'(2) Py, x(2) — #5(z) Py, 1(2)-

When (6.11)—(6.13) and (6.8) and (6.9) are used in (6.10) and (6.7), respectively,
and then (6.10) and (6.7) substituted into (6.3)—(6.6), these expressions yield the
asymptotic expansions of the velocity and pressure fields around the body up to
terms which are O(e*(log €2)71).

+

Doi2) for k=2, (6.12)
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As our second example, we consider a pure shear flow in which the flow is solely
in a direction perpendicular to the axis of the body, say in the x direction, and
varies linearly with y. Thus, we set

v0 = 4rsin 201, + 3 (cos 20 — 1) i,. (6.14)

Again using the notation of (3.5) and (3.6) we can set
By(r2,2) = Dy(r%,2) = 0, Cy(r%,2) = 4, (6.16a)
and By(r2,2) = Cy(r%,2) = —}, D,(r%,2) = 0. (6.15b)

Again, using the appropriate expressions from §3 and appendix A, we are led to
the following representation for v and p:

v =sin20(jr+ [ [Fo(-2) (F-Dp(E.0

T E-arp-erbE o+t e-a p-pago|a, @19

1 Frod
Yy = gr(cos20—1)—cos20f [R—,(g—a)z(ﬂ—g)% £, €)
Sy p-naga|d [ pE-av-ndad 617

v =sin20 [ [EzEe—a)(p-Da.0

+ 2 € ap (p-£20E 0 E-2) B-DEA)dE, (68.19)

p=sin20 [ 2 6-a) (- 0p(E O . (6.19)
In (6.16)—(6.19), B = (72 + (z—£)?)}, while a and g are again given by (4.3) and
(4.4).

To find the leading terms in the expansions (5.10) of p, b, d, and d, we use
(5.10)—(5.17) with » = 2 and (A 10)—(A 11) to obtain, after some simplification,

plese) ~ =3 e+ (o) [28°)
1 (g o S@)
— S+ O + 8102 s ON L]

+ (3€)4log 2(S"(2) — S’(z))} + O(e®(log €2)2), (6.20)

b(z, €) ~13(8(z)[2(1 —2))2e* + O(e®log €?), (6.21)
d(z,€) ~38'(2) (S(z)[z(1 —z)) €2+ O(e® log €2), (6.22)
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N R I

d{ 8@\ [(1—-222 (8(0)+8(1)z—8(0)] S)
+‘1‘2"’82(z(1—z>)+[z(1—z> * 5) ]z(l—z)

+8"(z) (3¢)*1og 62} +O(e® (log €2)?). (6.23)

When (6.20)-(6.23) are used in (6.16)—(6.19), these expressions yield the
asymptotic expansion of the velocity and pressure fields around the body up to
terms which are O(e%(log 62)?).

7. Force and torque on the body

We can now use our results to compute the total force F and torque N exerted
on the body. For these purposes, it is convenient to use a Cartesian co-ordinate
system (z, y, z) with the origin at one end of the body and the z axis coinciding

with the axis of the body.
The momentum theorem for Stokes flow (i.e. neglecting the inertial terms)

shows that F = pUa(Fo+ ), (7.1)

where the Cartesian components of F? are given by

27 ] ovh 182 oY
_llm{'[ f [cosﬁ[ p+2—]-— 0[ +;—a—é 7”;2512d¢9du
2m r=u,z=R
f f [cosﬁ(av" 3vz) 'n0(600+1€v—b)} ududf;, (1.2)
oz rof re=u,z=-—R
14
_hm{ f f [a”z a”’] Rdfdu
R—rco =R, z=u
2m r=u =R
f f [23”‘ ] ududo}. (7.3)
=u,2=—R

F?is given by the right side of (7.2) with cos § replaced by sin # and sin 8 replaced
by — cos . Similar expressions hold for the components of F?, with v® replaced by
v® and p° replaced by p°. In (7.1), 4 is the viscosity of the fluid, U is a typical
velocity of the flow, and a is the (dimensional) length of the body. The formulae
(7.1)-(7.3) were obtained by using as a control volume the volume of fluid bounded
by the surface of the body and a large cylinder of length 2a R and radius Ra, which
is ‘centred’ at the body and which has its axis coinciding with the z axis. Here R
is a (large) dimensionless number. Also, in (7.2) and (7.3) we have used the
notation [Q(r,2)[I=% 2=, = Q(u, R) — (%, — R).
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Now the manner in which we ‘Fourier analysed’ both the incident and per-
turbed flow fields in § 3 and the formulae (7.2) and (7.3) allow us to make a useful
observation. From (7.3) and the orthogonality of the cos nf and sin nf functions,
it follows that the only component of v? and p® which can possibly contribute to
F, is the component corresponding to n = 0. Hence, using (A1)-(A 3), (7.3)
becomes

Ale)
= —sn [ o). (.4)
In (7.4) we have placed a superscript zero on § to remind us that this is the §
corresponding to » = 0. We can now substitute (5.3) in (7.4) and then expand
the resulting integrals by Taylor’s theorem to obtain the following complete
expansion for F¢:

=]

© i1 d \n B
P=—sn 5 % et 2 L[N [V ppa] o)
j=0 k=1 n=on!|\d€ a(e) ’ e=0
In (7.5), the p§ ; are determined by the formulae (A 7) and (A 8).
In a similar manner, the only component of v? and p® which can contribute to
F, or F, is the component corresponding to » = 1. Hence, using (3.10) and the
formulae analogous to (3.9) with » = 1, (7.3) yields

ple)
Fi= —Snf PUE e)dE, FL =0, (7.6)
afe)

if ¥? is proportional to cos 6, and

" b Ale) -
Fz =0, Fy= —Sﬂf()p(g,e)dg, (77)

if o2 is proportional to sin 6. The superscript on p in (7.6) and (7.7) is to remind us
that P! is the P-density corresponding to n = 1. The complete expansions for
FZ and F can be found using (7.5) with pf , replaced by pj .. Here the p} , are
determined by (5.4) and (5.5).

Thus, for any prescribed incident flow field, only the components of v® and p?
corresponding to n = 0 and n = 1 need to be computed in order to determine the
total force acting on the body, i.e. the components of F? can be calculated from
(7.4)—(7.7), while F? can be computed from the given incident flow. We recognize
the integrals in (7.4)—(7.7) as just the total strength of the Stokeslet distributions.

For our first example from the last section, i.e. a uniform incident flow, we can
easily see that F° = 0. Thus, using formulae (6.7)-(6.8), (6.10) and (6.11) in
(7.4) and (7.8), we find

F, = snula| - (log et~ (loge)+[ 1+ [ log 2 =D s

w52

+ [ -l 110g 50 ag) s + 0((1oget)
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o el G52

88(z) 4S(z)
z(1—2) 2%(1-2)

38'(z) (1—22) (8'(z))? S'(l)

+ 5 (1—22)2— 2—2 8@ T [6+log (—18(1))]

Sl(o)[6+10giS(O)]+( f j )[S'z+v) 8') — S”(z)v]v“zdv}dz

—f 27 3(S(z)—S8'(0)2) dz—J‘1 (1—2)"2(S(2)+(1—2)8'(1)) dz}]} + O(e?(log €2)-8),
° ° (7.8)

F, =0, (1.9)

P, = dmuWa { — (log €)1 — (log €)2 [1 - fl log 42‘(81(2—) ) dZJ
0

~ogetys [ ([rog g1 ["+ [ 16—l 10 G 2 ar) e

+O((log €?)~%) +€*(log €?)~ } (8°(0) — §°(1))

_iez(logez)_z[sl(o) S’(1)+J‘ (S #)lo 422(2_)2)

* (J‘ol—z_f_oz) [§°(z+2) - S'(2)] v dv
i

+%[S—iz—)-8’(0)]+1f [f(z)+8'(1)]+8”( 2)log ‘(S,l(_)z)

—9 ( j Ol_z— j i) [S(z+v)—8(z) — §'(2) v — 8"(2) ¥%[2] v—3dv) dz]}
+ O(e*(log €2)%). (7.10)

Equations (7.8)—(7.10) give some of the leading terms in the asymptotic ex-
pansion of the total force exerted upon the body by a uniform incident flow. Of
course, more terms could be calculated using the recursion formulae in (6.8) and
(6.11). The first two terms in each of these expansions were given by Tillett (1970).
In comparing his formulae with ours, we must note that the length of his body is
2a, whereas ours is just a. Of course, F = o for our second example.

We can also obtain formulae analogous to (7.2) and (7.3) for the total torque
N exerted upon the body. For this purpose, it is convenient to introduce two new
axes, the z, and z, axes, which are parallel to the  and y axes, respectively, but
which lie in the plane z = }. We let V;, N,, and N, be the components of N about
the z,, z, and z axes, respectively. Then, by using a result similar to the
momentum theorem involving moments about these three axes, we can write

N = uUa?(N°+ N?), (7.11)
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where the components of N? are given by

= ([ [amofer o= (e-3) 5 (-2) )

1 g ol
-—(z—é) cos 0{ 30}]2__errd6

27 R b b
+f f [sinﬁ{ 31+Rav' (z—l)p”—(2z—1)év—'}
0 J-R 2 or

b

1 anf vy 1000
_ (z_2) 0050{5_7+73—0”7=RRdzd0}, (7.12)

27 z2=R
st ([ [V G+ B
R— z=—R

J‘2frJ‘ [(31} ;%_%3)]'=RR2dzd0}. (7.13)

The expression for N is given by the right side of (7.12) with sin 6 replaced by
—cos & and cos 6 replaced by sin 6. Similar expressions hold for the components
of N°, with v® replaced by v° and p® replaced by p°.
From (7.13) it follows that the only component of v and p® which can contri-
bute to N? corresponds to » = 0. Hence, using (A 1)—-(A 3), (7.13) becomes
Ble)
N = do(E, €) dE, (7.14)
a(e)
where d° denotes the d-density corresponding to #n = 0 which appears in (A 3).
Substituting d° = (8—£) (£ — ) d°, where d° has an expansion of the form (5.10)
with n = 1, in (7.14), we can write

© ] i1
Nb = —8rme? e2(log e2)k -
7 4 j§0k§0 (log )nz'k(J—n)!

€=0

<[ (Y[ - ate) (Be) —01d8, |, (1.15)
[(de) fa(e)

which gives us a complete expansion for N%. In (7.15), the d} , are determined
recursively from (A 10).

In a similar manner, we see that the only component of the perturbed flow field
which can contribute to N? and N2 corresponds to n = 1. Hence (7.12) yields

N =sn|[7°(e-3) pe e+

ale)

Ale)
e g (7.16)
and N% = 0, if v, is proportional to sin §. Also N, = 0 and N, is given by the
negative of (7.16) if v, is proportional to cos 6. Again, the superscript on p and d
indicates that these densities correspond to n = 1. The complete expansion of
N? can be found by using (7.5) with p{ , replaced by (z— %) p} x(2) +dj_, . Here
P}, and d} , are determined by (5.4)-(5.7). Equations (7.14)—(7.16) give us the
components of N? in terms of the densities calculated in §5. N® can be computed
38 FLM 78
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from the given incident flow field. In particular, from (7.15), we see that N? is
O(e?) and its leading term is given by

Nb = —4pe? fol S(&) V(0, £)dE + O(etloge?), (7.17)

27
where V(0,z) = 517_1.‘[ v (0,0,2)d6.
0

Also, the first integral in (7.16) is just the first moment of the Stokeslet dis-
tribution corresponding to n = 1. From (5.3) we see that this integral is only
O((log €?)~1), while the second integral is O(e%(log €2)~1). Thus, using (5.9), (7.15)

yields 1
N = —smlloge®)t (-1 B0, dE+O0(loge?)™) (7.18)
0

2m
where B(0,2) = —% f (0, 6,2)sin 6d6.
0
In our first example of §6, we see that N° = 0 and also that N = N} = 0. Now
using (6.11) and (6.13) in (6.10), (7.16) yields

N, = —8muUa? {(log «92)-2f()1 (z - %) log 42;(81(—) z)d

+ (log €2)~9 f 01 ( [log 41,1(—) 2y 1]

- §(1 g)S(Z) -
f |&—2] 1log ~5 80 g)dz+0((log62) 4)

+€e¥(log €2)—2 (fo [(1;(;2-—-—2_)5—)&2—) —3(2z—1) {S”(z) [logﬂ—sl(z—)—z)+ 1]

T P
0

|£—2] 2(1—
38'(z) (1 —22) (8'(=))® 12 ) , B
RG-S (- [ wero-se-soar

< (S-s0) - ()

+38'(1) (1 —1log (—%8'(1))) + $8'(0) (1 —log }5'(0) }+0((—:2 (log €2)~3). (7.19)

In our second example of §6, we see again that N° = 0, while N! = N} = 0.
Hence, using (6.23) in (7.15), (7.11) yields

N=- sﬂyUaZ{G)2 f 01 8(z)dz— (5)4log €2 f L (8'(2) 2

- GW 5 {[l"g - seru-2g, ()

* (f o —z‘f i) [8'(z+2) ~ 8'(2) — 87(2) v] o~2dw
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[(1 —-2z)2+ (8'(0) +S’(1))z—S’(O)] S(z)

2(1—2) S(z) 2(1—2)
’ _ ’ ’ S(Z) ] 2)2
+[S(0)—(S'(1)+8 (0))z]z(1_z) dz} + O(e® (log €2)2). (7.20)

As before, more terms can be computed in (7.18) and (7.19) by using the recur-
sion formulae in (6.11) and (6.13).

This research was supported in part by the Research Foundation of the State
University of New York.

Appendix A

In this appendix we state the results, for the case of » = 0, which correspond
to the results in §§3-5 above. In particular, the singular solutions for n = 0,
corresponding to (3.6)—(3.8), can be found easily and lead to the following repre-
sentation for v® and pP®:

B ((z — ~
o) = [ (EZ o) + 45006 o) (A1)
8 _ &),
odrze) = [ (R e o)+ Eflbg o, (A 2)
£ £ —
'0197(7‘, 2, €) = fa I_;';;J(gs 6) dga pb = fa 2(zRa g) ﬁ(gx 6) dg' (A 3)

The singular solutions used in (A 1)and (A 2) correspond to a Stokeslet and to
an irrotational source. These are the singular solutions used by Tillett (1970).

We now use (3.5) with » = 0 in (3.1) to obtain equations analogous to (3.11)-
(3.13). We can then rewrite these equations, asin §4, to obtain the equations

Ae) {2d €28(2)

€28'(z) W(e2S(2), z) — 2628(z) U (e28(z), 2) = f a—z—ﬁ;}—ﬁ(g, €)

ale)

dz—E .
- Sarleald a9

V(e28(2),2) = f " pbdig, e e, (A 5)

a(e)

Ae) —
() V@S2 +2W@Se), ) = [ (|75~ 2| e

a(e)
d 1.
- 2%721?[’@’ e)} dé. (A6)

In (A 4)-(A 6) we have used the notation U = r—2B,, V = ir—2C,, W = D, and
R = e28(2) + (z—£)>.
We now look for asymptotic expansions for § and b in the form of the right side
of (5.3), while we write d = (z—a) (8 —2) d and look for an expansion of d in the
38-2
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form of (5.10) with » = 1. Thus, using the procedure outlined in §§4 and 5, we
are led to the following system of relations:

1 7' d .
Pj,1(z) U; (z) 4G0 +Pr1t 25 GJ rDr1— 2 G;’ 1 br,l for 520
T4 dz
(A7)

i—1
P4, 51(2) = Ly°p; 1 — 0; 1+ rz—:o {L?'—Orpr, ket GYS D,

+——(LO e Dr, 1+ G2 Dr i1 — LY b, 1 — G20 D, k+1)} for k=21, 520,
(A 8)

&‘[&,

1
bk = 5 (S LE Oy = SE) Pria + B [S6) L3501+ S(6) G102, 10

+L rk+G1—-r rk+1]} for j>0’ k>1’ (A9)

3 = s [0 80— B (10 @+ G20, 1)

for 720, 0<k<yj. (A10)

(Here we define d, ; = 0if s < ¢, s <0, or ¢ < 0.) In (A7)—(A 10), u; and v; are
defined by
j2W(O,z) if §=0,
(2)=

=1(8(z))"1[28(z afW 3-"‘1U . e -
j
2,(2) =SSJ(T))[3 V;; )L=O if j>o0. (A 11)

From (A 7)—(A 10) the coefficients p; 4, b; , and d; ; can be determined recur-
sively. In particular, from (A 8) and (A 9) it follows that

d
bo, i (2) = - (38(z) po,i(2)), k> L, (A 12)
while the p, ; are determined from (A 7) and (A 8) by

Po,1(z) = —3W(0,2),
— 1 —
Po®) = {log (E?) ~ ) posier+ [ 22 ag, a1z

while from (A 10) we find

S(z)

'22(1—_2) V(O, Z). (A. 14)

dy, o(2) =
In obtaining (A 13) we have used the expression for the operator L3° given by
(B 7) in appendix B.
The result (A 12) is equivalent to a result given by Tillett (1970), while (A 13)
reduces to his results if we set W(r?,z) = W (a constant).



Stokes flow past a slender body of revolution 597

Appendix B. The operators L%/ and G¥

In this appendix, we present an explicit recurrence formula for the linear
operators L% i and G%7, which appear in the expansion of I}(z, €) defined by (5.1).
More precisely, they are are coefficients of €2 and €2 log €2 in the expansion of

; _ B(e) (E—2) i i
Hee ) = [ e e 6 ale)) (Ble) — €1 (E) i

> e (Le1+1loge? GO Y)W F(z) if k=0 and j=1, (B1)
r=0
~{e¥i-tk 5 (L 4 loge?GRN)F(z) if k=0 and j=0
r=0

or k>1 and j=0,1.

Here we assume that a(¢) and f(¢) have expansions of the form

ale) ~ B a, e fle) ~ T f,e*, (B 2)
n=0 n=0
where the coefficients «, and 3, can be determined as described in §4.

We will now show how we can express L%/ in terms of the operators Lj™,
with n < k. (A similar result will hold for the operators G¥7.) We begin by noting
that, for £ = 0, the operators L% and G2 have been defined by Handelsman &
Keller (1967a), while L%? and G ? have been defined in Handelsman & Keller
(1967b). In particular, we find

L3Pz f F(E)dE— f FE)dE, G1F(z) = (B 3)

LY 1F(z) = }F(1)S’(1) + 1 F(0) S’ (0)—-{11"( )S(z )[1ogiz(§1(z‘—)z—)_1]
+F(z)[§iz—) ] Ul ? J-_Z}{F (2 +0)—F(2)—F'(z v}v—zdv: (B 4)
GPIF(z) = 18(2) F'(2), G21F(2) = —758%2) F"(2) (B 5)
and G OF(2) = —F(z), G¥°F(z) = }S(z) F'(2), (B 6)

1897(@) = Fo)log g =2+ f IF (l{_g:f\ @ g,

S(z)(22-1) _, 4z2(1 —2) 11
mF(z)+%S(z){1—log S }F (2)

_1S(z)( f:_z—f:){F(z+v)—F(z)—F’(z) ~3F"(2) v} o3dv. (B T)
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Now, for k& > 0, we can write I}, in the form
+1

e, F) = — f () € (B0 - e de

2k+1 ale) dg
L ("0 L2 e ooyt (Ble) — EFR @} dE
= Tt 1) ue BFIAE

=—2kl+1I%(z,e;(§—a(e))(ﬁ(e)—gF'(5)+(k+1 (B&) +ale) - 2£) FE), (BS)

where we have used integration by parts in obtaining (B 8). Using the expan-
sions (B 1) and (B 2) in (B 8) and comparing coefficients of terms of the form
e*r(log €%)» we obtain

(2k+ 1) LEL1F(z) = — L5022 (2) + 2(k+ 1) 2P (2))
+ Z { %p_j + Br_g) L % F"(2) + (k+ 1) F (2)) — Z “1/’3—1—1[} 0(1’”(2))} (B9)
The operators (2k+ 1) G¥+%1 are given by the right side of (B9) with L0 re-

placed by G%-°.
Also, we can write I%,, as

Iz F) =

1 ﬂ<e>{1 E-zd 1

5 ) (T o g ) €~ O (Ble) = IR () dE

(B 10)

for k£ > 0. Integrating the last term by parts and then simplifying the result,
(B 10) becomes

Tiia(z, 65 F) = [(2k+ 1) €28(2)] 7 {I%(2, €; 2k(2 — a(€)) (Ble) — 2) F (2))
— Iz, €; (2 — a(€)) (Ble) —2) F'(2) + (k + 1) [a(e) + Ble) — 2] F(2))}. (B 11)
Again using the expansions (B 1) and (B 2) in (B 11), we are led to the relation

(2k+ 1) S(2) LEVL0F(2) = 2k { — LB O(22F(2))

+ ey 4y ) IECF@) =S aihe s oI5|
(LEYEAF () + 2(k + 1) 2F (@)
=5 st B DV IEAE+ D F Q) +2F ()

r—1—j

- I b LN '(z))] if k1, (B12)

LYAF () + 25 @) - £ | @y s+, IHCF @) +F )

j=0

- Z ;P _,L0 YF'(z))| if k=0.
| j
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In (B 12), we define L% = 0. The operators (2k + 1) S(z) G¥+1: °F(z) are given by
the right side of (B 12) with L% 7 replaced by G¥ 7. Equations (B 9) and (B 12)
are the desired recurrence relations. They express L¥+1-7 and G¥+%7 in terms of
L% and G% . Thus these relations and the operators defined by Handelsman &
Keller serve to define all of our operators L¥7 and G%7.

In particular, we can now use (B 9) and (B 12) with (B 3)-(B 7) to calculate a
few of these operators. In this way we find

Gy 1F(z) = d[z(1—2) F(2)]/dz, G&1F(z)=0 for k>2, (B 13a)

GEOF(z) =0 for k> 1, (B 13d)
GT °F(2) = —3d’[2(1-2) F(2)][dz?, G}°F(z) =0, (B 13¢)
and L} °F(z) = 2z(1 —z) F(2)/S(2), (B 14a)

LLOF(2) = —;—:[logéz_gT;—).z_) — 1] g;é [2(1=2) F(2)] + (1 — 22) F'(2)

([ )meror-ser-mepae-san

(1—22)® (S'(0)+8'(1))2—8'(0)
[z(l_z)+ S0 ]F(z)}, (B 14b)

LL1F() = log 4zg(;)z) gz-[z(l —2) F(2)]
1y 4 o=t
+f0 —-—lg_zl [d—:é (z(1 —x)F(x))Lﬂdﬁ, (B 14¢)
L39F(2) = $(z(1—2)/S@)1F(2), (B 14d)
L3OF(z) = Fizi {2zf;(;"’ [(S'(1) +87(0)) 2 — §'(0)] F(2)
+ A - F @), (B 140)
L31F(2) = %2(1 —2){2(1 —2) F'(2) + 2(1 —22) F(2)}/8(z). (B 14f)

In the expression for L we have defined H(z) = d{z(1 —z) F(z)}/dz. Equations
(B 13) and (B 14) give the operators which are needed for the examples in §6.
In general, it is easy to show by induction from (B 9) and (B 12) that for k > 2

((k—1) !)22216-—1 (z(l—z))kF(z) if j=0,

(2k—1)! S(z)
LEiF(z) = (k—2) )2 ((1=2)\F ,
' T -1 k=312 S(T(;)—) {(2(1—2) F'(2)

+h(1—-22)Fz)} if j=1. (B 15)

The result (B 15), when used with the result from (B 13) that G%7 = 0for k > 2,
shows that, whenever k > 2, I}, is O(€%—?%) as e approaches zero.
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